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Abstract. We prove existence of weak martingale solutions satisfying an almost sure 
version of the energy inequality and which constitute a (almost sure) Markov process. 



1. Introduction 

Regardless several attempts, the well-posedness of the martingale problem for the 
stochastic (as well as the deterministic case) 3D Navier-Stokes equations remains an 
open problem (see [3], [11] for details on the martingale problem). 

A major breakthrough has been the paper of Da Prato and Debussche [2] (see also 
[4], [8], [3]), where they show that there are special solutions which correspond to a 
Markov semigroup which is strong Feller and uniquely ergodic. 

A different approach has been introduced in [ ] (see also [3], [6], [10], [1 1]) where 
similar results have been proved with a completely different method. Here we follow 
this approach and consider the Navier-Stokes equations 



(1.1) 



u - vAu + {u-'V)u + 'Vp = W, 
divM = 0, 



with periodic boundary conditions on the 3D torus. 

The aim of this paper is to complete the work presented in [10], where it was proved 
that the semigroup associated to the Markov solutions introduced in [ ] converges to 
a unique invariant measure. In order to prove that the rate of convergence is exponen- 
tial, it was assumed the existence of Markov solutions satisfying an almost sure energy 
inequality. Such result is the main theorem (Theorem 2.3) of this paper (see also Re- 
mark 2.4). The method used here to prove the main result is essentially the same as 
in [ ], where the almost sure energy balance was introduced to handle the space-time 
white noise forcing the equation. 
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2. Definitions and main result 

We fix some notations we sliall use tliroughout tlie paper and we refer to Temam 
[13] for a detailed account of all the definitions. Let T3 = [0,27r]^ and let ©"be the 
space of infinitely differentiable divergence-free periodic vector fields cp : R-^ ^ R-^ with 
mean zero on T3. Denote by H the closure of 'D°° in L^(T3,R^) and by V the closure 
in //'(T3,R^). Denote by A, with domain D{A), the Stokes operator and define the 
bi-linear operator 5 : V x V — V' as the projection onto H of the nonlinearity of equa- 
tion (1.1). Consider finally the abstract form of problem 1.1, 

(2.1) du + {\Au + B{u,u))dt = QjdW, 

where is a cylindrical Wiener process on H and is a linear bounded symmetric 
positive operator on H with finite trace. Denote by {ckjken ^ complete orthonormal 
system of eigenfunctions of Q,, so that Q,e^ = o^ek. 

Next, we define the probabilistic framework where problem (2.1) is considered. Let 
a = C([0,oo);D(A)0, let ^ be the Borel o-field on Q. and let ^ : Q ^ D(A)' be the 
canonical process on Q. (that is, ^f((o) = (D{t)). A filtration can be defined on =^ as 
= o{^s •.0<s<t). Let a' = C([f,oo);D(A)') and denote by ^' the Borel a-field 
of Q'. Define the forward shift <I>, : ^2 ^ as 4>f((o)(5') = (a{s — t) for s>t. Given a 
probability P on {Q.,^), we shall denote by co 1-^ with P\^^ G 'Px{Q}), a regular 
conditional probability distribution of P, given ■ 

For every cp G consider the process {Mf)t>Q on Q. defined for ? > as 

(2.2) M,'P = (^,-^o,cp)/f + v f\^s,A^>)Hds- f\B{^,,(p)Xs)Hds. 

Jo Jo 

Definition 2.1 (Weak martingale solution). Given /jq G Fr{H), a probability P on i^) 
is a weak martingale solution starting at /jq to problem (2.1) if 

[w1]P[L2^([0,oo);//)] = l, 

[w2] for each cp G the process is square integrable and {Mf, ^t,P) is a contin- 
uous martingale with quadratic variation [M^]f = ^| Q,^(p|^, 
[w3] the marginal of P at time ? = is ^uq- 

Define for every /: G N the process ^k{t) = ^k^^t'' ■ Under a weak martingale solu- 
tion, ((3yt)yteN is a sequence of independent one dimensional Brownian motions. Thus, 
under any martingale solution, the process 

00 

(2.3) W(0 = £o,p,(r)e^ 

k=0 

is a Q, -Wiener process and 



(2.4) 



z{t)=W{t)-v f AQ-^^^'-'^W{s)ds 
Jo 
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is the associated Ornstein-Uhlenbeck process starting at 0. Define the process v(?, ■) = 
^f(-) -z{t, ■). Since M'^ = {W{t),(p) for every test function cp, it follows that 

(v(0 -^o,9)//+v / {v{s),A(p)Hds- f {B{^s,(p)Xs)Hds = 0. 
Jo Jo 

In different words, under a weak martingale solution P, v is a weak solution (i. e. a 
distributional solution) of the equation 

(2.5) v + vAv + B{v + z,v + z)=0, P-a. s., 

with initial condition v(0) = ^o- An energy balance functional can be associated to v, as 
it has been done in [ , ] for ^, 

1 2 r 2 f 

(2.6) (g'^(v,z) = -\vt\H+^ \vr\vdr- {zr,B{vr + Zr,Vr)) dr. 

2 Jo Jo 

Definition 2.2 (Energy martingale solutions). Given ^ Pr(^), a probability P on 
(^1, ^) is a energy martingale solution starting at iaq of 2.1 if 

[el] P is a weak martingale solution (see Definition 2.1), 
[62] P[v G L;:, ( [0, oo) ; //) n ( [0, oo) ; y )] = 1 , 

[e3] there is a set Tp C (0, oo) of null Lebesgue measure such that for all s ^Tp and all 

t > s, 

P[<S'tiv,z)<<^siv,z)] = l. 

Property [e3] is meaningful only if the map is finite, at least almost surely, with 
respect to a solution P, and measurable. By property [e2], v is P-a. s. weakly continuous 
in H and so |v(?)|^ is defined point-wise in the energy estimate. Similarly, the other 
terms are also P-a. s. finite, again by [e2] and the regularity properties of z under P. 
Measurability is slightly more challenging and will be examined later in Proposition 3.2. 

Theorem 2.3. There exists a family {Px)xeH of energy martingale solutions such that 
the almost sure Markov property holds. More precisely, for every x E H, for almost 
every s >0 (including s = 0), for allt >s and all bounded measurable (|) : // ^ R, 

(2.7) E^'-[(^(^;)l^,] = E^^.^[(^(^;_,,)]. 

The set of times where the Markov property fails to hold at some point x will be called 
the set of exceptional times ofx. 

Remark 2.4. Under appropriate assumptions on the covariance of the noise. Theo- 
rem 5.12 of [7] continues to hold thanks to property [e3]. In particular, the strong Feller 
property stated in [ , Theorem 5.11] and the unique ergodicity in [ ;]. 

As stated in [ i U], the proof detailed here, together with the corresponding proof of [7, 
theorem 4.1] ensure the existence of the enhanced martingale solutions used for the 
proof of exponential convergence to the invariant measure proved in [10]. 
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3. Proof of Theorem 2.3 



Before proving the main theorem, it is preliminarily necessary to analyse more care- 
fully the energy functional (2.6). Let x e H, and let Zx{t) = z{t) +e^^^'x (that is, the 
solution to the Stokes problem starting at x). Similarly, set Vx = ^ — Zx- 

Lemma 3.1. Let P be an energy martingale solution. Then for every xEH, 



for a. e. s >0 ( including s = 0) and every t > s. 

Proof. We just give a sketch of the proof (see for example [ ] for a detailed proof in a 
more complicated case). Fix x E H and set w{t) = e^"^^' x. Then Zx = z + w and Vx = 
v — w, hence \vx{t)\jj = \v{t)\jj + \w{t)\jj — 2{v{t),w{t))M, and, since by assumptions 
the energy inequality holds for v, it is sufficient to prove a balance equality for w and 
(v(f),w(f))//. The balance equality for w is straightforward by the PDE theory, so we 
only need to show that for all 5 > and t > s. 



The above formula can be proved by standard methods, since by the regularity of w, 
{vt,'Wt)H is differentiable in time and its derivative is (v,w) + (v,vv) By replacing v with 
the corresponding terms in (2.5) and using the antisymmetric property of the nonlinear- 



Proposition 3.2. Given xeH, the map (f, CO) ^ cfj (v;c((o),Zx((o)), with (o) G [0,°°) x 
Q., is progressively measurable and 

1. for all < s < t, the sets Esj{x) = {(S't{vx,Zx) < 'S's{vx,Zx)} are ^^t-^^asurable; 

2. for all t >Q, the sets 

Et{x) = {S'tivx-iZx) < ^s{vx,Zx)for a. e. s<t (including 0)} 

are -measurable; 

3. the set 

E{x) =1Ln {S't{vx,Zx) < (^s{vx,Zx) for a.e.s>0 (inch 0), all t > s] 
is ^-measurable, where 



(3.1) ^ ={zGLL([0,oo);L4(T3)), VGL- ([0,oo);H)nLL([0,oo);y)}. 



Moreover, given P satisfying [el] and [e2], property [e3] is equivalent to each of the 
following: 

[e3a] There is x EH such that for each t > Q there is a set T C {0,t] of null Lebesgue 

measure and P[Es^t{x)\ = 1 for all s ^T. 
[e3b] There is x E H such that for each t > 0, P[Et{x)] = 1. 
[e3c] There is xE H such that P[E{x)] = 1. 



P[^t{Vx,Zx) < '^siVx,Zx)] = 1, 



{Vt,Wt)H+2'^ {Vr,Wr)vdr+ {v,- + Zr,B{Vr + Zr,Wr)) dr = {Vs,Zs) H ■ 





ity, we get exactly the above formula. 



□ 
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Proof. Measurability of the map S follows from the semi-continuity properties of the 
various term of S with respect to the topology of The measurability of each Es,t{x) 
now follows easily from measurability of S. As it regards sets Et{x), fix ? > and 
notice that the Borel a-algebra of the interval (0,f) is countably generated, so that if % 
is a countable basis, 

Et(x) =Eo,tix) n fl { rir(5)(4(vx,zj -4(v„zJ) < 0} 

and all sets {/q tjis) {S't{vx,Zx) — S's{yx,Zx))ds < 0} are =^/-nieasurable by the measur- 
ability of S. We next show measurability of E{x). Let J C [Oj-^o) be a countable dense 
subset and define 

^ = {z G L\[0,t)-L\T^)), V G L-{0,t;H) nL'{0,t;V)}, 

(notice that the regularity of z and v implies that of and Zx), then ^ e and, by the 
lower semi-continuity of the various terms of <S't{vx,Zx) — ^s{vx,Zx) with respect to t, it 
follows that 

E{x) = f]{!KrnErix)) 
teJ 

is ^-measurable. The last statement of the lemma is now obvious from the above 
equalities, property [e2] and regularity of z. □ 

We can proceed with the proof of Theorem 2.3. 

Proof of Theorem 2.3 . We use Theorem 2.8 of [7]. For every x e H let 'rf{x) be 
the set of all energy martingale solutions starting at 5;^. It is sufficient to show that 
{^{x))xeH is an a. s. pre-Markov family (see [7, Definition 2.5]), namely, 

1. each ^{x) is non-empty, compact and convex, and x ^-^ ^{x) is measurable (with 
respect to the Borel a-field induced by the Hausdorff distance on compact sets). 

2. For each x e H and each P G ^{x), /'[C([0,oo);//(j)] = 1, where H(, is the space 
H endowed with the weak topology. 

3. For each x & H and P G ^{x) there is a set T C (0,oo) of null Lebesgue measure 
such that for all f ^ T the following properties hold: 

a. (disintegration) there is N E with P{N) = such that (D E H and P\% E 
4>f^^((o(0) for alio) ^A^, 

b. (reconstruction) P®tQ G 'io{x) for each -measurable map (0 t-^ Qo) with 
values in Vx{Q}) such that there h N E with P{N) = and ©(?) G H, 
Q(o E 4)f^((0(/')) for all (H^N, 

where P®? Q is the gluing of P and (O i-^ 2co (see [12, Chapter 6] for details). The first 
two properties are proved in Lemma 3.3, disintegration is proved in Lemma 3.4 and 
reconstruction is proved in Lemma 3.5. □ 

Lemma 3.3. For each x E H the set ^{x) is non-empty compact convex and for all 
P E ^(x), /'[C([0,oo);//(j)] = 1- Moreover, the map x h-> ^(x) is Borel measurable. 
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Proof. For the existence of weak martingale solutions see [7]. The proof of the energy 
inequality [e3] is indeed easier than the corresponding martingale property and can be 
carried on as in the deterministic case (see for example [1 J] or [v]). It is easy to show 
that c{x) is convex, since all requirements of Definition 2.2 are linear with respect to 
measures P E C{x). Finally, since under any P E ^{x) z is continuous with values in H, 
weak continuity of ^ follows from property [e2]. 

In order to prove both compactness and measurability it is sufficient to show that for 
each X E H, for each sequence (x„)„£n converging to x 'm H and for each {Pn)neT^, with 
P„ E 'Tf{x„), the sequence {Pn)neN has a limit point P E ^{x) (this follows from [12, 
Lemma 12.1.8]). 

Let Xn ^ X in H and let P„ E The energy inequality for each P„ ensures that 

(^;?);7eN is tight in Q.r\Lf^^{[0,ooy^H), hence, up to a subsequence, P^ Po^ for some 
probability P^o- It remains to show that Poo E ^^{x). Property [el] can be proved essen- 
tially as in [ ; , Lemma 4.3] (without the complicacies of the super-martingale property). 

Before proving [e2], [e3], we use Skorokhod theorem: there are a probability space 
(E, ^,P) and random variables v„,z,;),;eN5 ("oo, Voo,Zoo) such that each {un,v„,Zn) 
has the same law of v,z) under P„ for < n < oo and z„ Zoo in LfQ^([0,oo);L'^(T3)), 
v„ ^ Voo in f2 n 4^ ( [0, oo) ; //) and weakly in ^ ( [0, -) ; y ) . 

Property [e2] now follows by semicontinuity of the norms of spaces L°°{0,T;H) and 
L?-{0,T;V) with respect to the topology where v,, Voo, for all T > 0. In view of 
Proposition 3.2, we finally prove [e3a] (with x = 0). Fix T > 0, then since, by the proof 
of [el], IE||v„ — Voo 11^2(0 T-H) ~^ ^' '^here is a null Lebesgue set S C (0, T] such that for all 

mVn'{s)\H \v^{s)\h for a subsequence (v„'),/£n] = 1- 

Notice that 0^5, since we already know that v„(0) Vco(O). We are now able to prove 
[eSa] (with x = 0) for Poo. For each n G N there is a null Lebesgue set Tn C (0, T] such 
that F[(o't{vn,Zn) < S's{vn,Zn)] — 1, for all s ^ T„. Let Too = 5U IJ,, Tn and consider s ^ Too. 
We have that (S't{vn,Zn) < 'S'siviuZn) for all n G N and, in the limit as n ^ oo, by virtue 
of the convergence informations on v„ and Zn and of the semicontinuity properties of 
norms, 

^(VoojZcx)) — (^(Voo,Zcx) 

n 

and in conclusion [e3a] is true. □ 

Given s>0 and x E H, denote by z{t\s,x) the Omstein-Uhlenbeck process starting in 
X at time s, namely 

z{t\s,x)=e-''^^'-'h+{W{t)-W{s))-v J' Ae-''^^'-'\w{r)-W{s))dK 

In particular, z{t\0,x) = Zx{t). Set moreover v{t\s,x) = — z{t\s,x). Given to > 0, it is 
easy to see that for all (H E W {t, ^ \(o)) =W{t + to, &) -W {to, (o) , and it depends 
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only on the values of (O in [?o, to + t]. Similarly, 



(3.2) 



zit,%^\(o)\s,x)=zit + to,(i)\s + to,x), 
v{t,%^\(i))\s,x)=v{t + to,(D\s + to,x). 



Lemma 3.4. For every xEH and P G ^{x), there is a set T C (0,0°) of null Lebesgue 
measure, and for all t ^ T there is N G ^t, with P[N] = 0, such that for all (O ^ N, 
(£>{t) e H andP\%^ G $r^((o(0). 

Proof. Fix xEH and P G ^{x), let Tp be the set of exceptional times of P and fix tQ ^ Tp. 
We shall look for a P-nuU set G ^to, with N = Ni UN2IJN3, such that (o(?o) G // and 
P||,^G4>,„^(a)(ro)). 

The proof of property [el] is the same as the proof of Lemma 4.4 of [7] and it provides 
a P-nuU set A^i G out of which [el] holds. 

For any interval J C [0,°°), set 5y = L'^^{J;H) r\Ll^^{J;V). In order to prove [e2], we 
need to show that/'|,^Jv(-|?o,0) G ^[fQ.^)] = 1. Set 

^3 3^ St, = {ve S[o,o], e-^^(^-^»)z(ro) G 5[o,.)}, 

5^° = {v(-|ro,0)G5[,„,^)}, 

then G ^/(,, 5^" G and, from property [e2], it follows that St, n j'" is a P-fuU set, 
since v{t\to,0) = v(?) +e"^^(^"'o)z(fo). By disintegration, 

i=P[s„ns'']=E[ts,/\%^^[s'% 

hence there is a P-nuU set N2 G =^/o such that P\^^ [5^"] = 1 for all (O ^ A/2. 

Finally, we prove that [e3c] holds for conditional probabilities. Let be defined as 
^ in (3.1) but on the time interval [OJq], and set 

A = ^ n {4(v,z) < S'siv^z) for a. e. 5 > (including 0, to), all ? > s} 

AtQ = % n {(^J(v,z) < 4(v,z) for a. e. 5 G [0,?o] (incl. 0, to), all f G [^,?o]}, 

We have that Afg G c^/^ and, since to ^ Tp, P[A] = P[AtQ] = 1. Now, if ro G Af^, set 
5(ro) = A n {(0 : (0 = on [0, to] }, then 5(ro) is equal to 

{S't{v^,z^) < 4(v®,z®) for a. e. 5 > (including to), all r > s}, 

since v(? + ?o,(o) = v{t + to,(i>\to,z{toT(o)) (and similarly forz), and we have set v"(-) = 
v(-|?o,z(?o,w)) and z^{-) = z(-|ro,2(?o,«))- Moreover, the map (O f-^ 1a,q((o)/'|^^J5((o)] 
is -measurable, since P]^^^ [5((o)] = Pj^^jA]. By [e3c] (with x = 0) for P, and 
disintegration, 1 = P[A\ = E^[1a,^^{-)P\'c^^^[B{-)]], and so there is N3 G such that 
P\^^ [B{(0)] = 1 for all (O ^ A/3, hence [e3c] holds, with x = z{to, w) • □ 

Lemma 3.5. For every x E H and P G ^{x), there is a set T C (0,0°) of null Lebesgue 
measure such that P®tQ- G ^t'^ {oi{t)) for all t ^T. The statement must hold for each 
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SSt-measurahle map (O ^ Q(a with values in Pr{Q') such that there is Nq G with 
P[Nq\ = 0, and (0(f) eH, Q^e ^t'^{(ii{t)), for all (O^Nq. 

Proof. Let x P & ^{x) and let Tp be the set of exceptional times of P. Fix tQ ^ Tp 
and let CO t— Qo^ according to the statement of the lemma. Everything boils down to 
show that P®to Q £ '^{x), and, as in the proof of the previous lemma, we refer to [7] 
(see Lemma 4.5) for the proof of [el]. 

To verify [e2], consider again sets St^ and s'" defined in (3.3). By [e2] for Q., for 
each 0) ^Nq, Q^is''^] = 1. Moreover, by [e2] for P, it follows that P[StQ] = 1. Finally, 
since we know that v{t + to,(£)) = v{t + to^(ii\to,0) — e^^"^' z{to^(i>), it follows easily that 
5fon5'o = {vG5[o^^)}and so 

{P^toQ-)[veS[o,^)] = {P^toQ-)[Ston!K.''] = E''[ts,^Q4s'']] = l. 

Finally, we prove [e3c]. Define A and Af^ as in the proof of the previous lemma. Since 
to ^ Tp and A^^ e . we know that {P iS)to Q- ) [A^J = P[Afo] = 1 . Define 5(ro) = A n {(O : 
(0 = coon [0,?o]} and notice that, if co G A^,, CiNq (which is again a c^^,, -measurable 
(P'^to 2 ) -full set), then by [e3c] (with x = z{to, co)) for it follows that Qa[B{(o)] = 1 . 
The map o) i-^ lA,^nA'^((0)2co[5(co)] is then trivially c^^q -measurable and equal to l,P-a. 

s.. Moreover, Q(o[A] = Qa[B{o))] = 1 for all co G A^^ HNq and so 

(P®,^2.)[^] =E^[Uon^a2-[5(-)]] =P[Ar,nN'Q] = 1, 
in conclusion, [e3c] (with x = 0) holds for P Q ■ D 
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